Vector bundles and Arithmetical Groups I. The 
higher Bruhat-Tits tree * 

A. N. Parshin 

Recently author has proposed a generahzation of the Bruhat-Tits build- 



ings for the n-dimensional local fields ||11|| . It was shown also that there 
is a connection of this construction with classification of vector bundles on 
algebraic surfaces. In this paper we give the proofs of a part of results from 
[ p. 1|| , concerning with the construction of Bruhat-Tits building for the group 
PGL{2) over two-dimensional local field. Some results will be given in a more 
generality, for the groups PGL{n) or for local fields of arbitrary dimension. 
The applications to vector bundles will be considered in another paper. We 



refer to [|11|| for the detailed motivation of our construction and we restrict 



ourselves only by short remarks in this introduction. 

Usually local fields (fields of dimension 1 in this language) appear from 
formal neighbourhoods of the points on an algebraic curve (or on an arith- 
metical curve). This can be generalized to higher dimensional schemes where 
the points will be replaced by chains of irreducible subvarieties having strictly 
decreasing codimension. And there is a way to put all them together in a 
single group called the adele group of the variety (or the scheme). Many 
parts of the classical adelic theory can be generalized to this situation. In 
particularly this is done for the cohomology theory of coherent sheaves and 
for class field theory (see for a survey of the existing theory). 

Here we would like to apply these notions to the theory of buildings. The 
main object of the theory is a simplicial complex attached to any reductive 
algebraic group G defined over a field K. There are two parallel theories 
for the cases when K has no additional structure (being a local field of 
dimension 0) and when is a local field (of dimension 1). They are known 
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as the spherical and euclidean buildings correspondingly (see [0, ^ for original 
papers and |jl|, 1^ for the surveys and text-books. There exists also a 



system of axioms which cover both of the cases and which is known as theory 



of SA^-pairs or the Tits systems |T|. As was shown in ||11|| these two theories 
(for the groups PGL) are the special cases of the general construction for 
the groups over local fields of an arbitrary dimension. 

The simplest case which still exhibits the main features of the theory 
is the case when G is of rank 1 and more precisely is a group PGLiV) of 
projective linear transformations of a vector space V of dimension 2 over a 
field K. Here we restrict ourselves by this case because it is quite sufficient for 
the study of vector bundles (of rank 2) over algebraic surfaces ( and supplies 
also a necessary background for the corresponding theory on arithmetical 
surfaces) . 

The paper contains four sections. In the first we remind the main notions 
and results on local fields of dimension 2. All the algebraic constructions, 
like the Weyl group or the Bruhat decomposition are collected in section 2. 
The known results for the Bruhat-Tits tree are shortly discussed in section 
3. The last section contains the main results of the paper - construction and 
the properties of the Bruhat-Tits tree over two-dimensional local field. 

A substantial part of this work was done during my visits to the "Son- 
derfoschungsbereich 170" of the Mathematical Institute of the Gottingen 
University. I am very much grateful to the members of the SFB for the 
possibility to work there and my special thanks to Hans Opolka and Samuel 
Patterson for the hospitality. 

Author has tried to generalize the Bruhat-Tits theory starting from the 
middle 80's. The talks with L. Breen, B. Seifert, J. Tits and T. A. Springer 
were very useful for me at the beginning of this work. 

I am greatly indebted to T. Fimmel who taught me how to work with 
TeX. 



1 Local Fields 

We begin with the main definition of the higher adelic theory. 

Definition 1. Let K and k be fields. We say that if is a n- dimensional 
local field with k as last residue field if the field K has the following structure. 
Either n = or if is the quotient field of a (complete) discrete valuation ring 
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Ok whose residue field is a local field of dimension n — 1 with last residue 
field k. If K',K", ... are the intermediate residue fields from the definition 
then we will write K/K'/K".../k for the structure. The first residue field will 
be denoted mostly as K. 

In the sequel we restrict ourselves by the case of = 2 ( the general case 
was considered in ||11|| ). 



A typical example (which is quite sufficient if we have in mind the appli- 
cations to algebraic surfaces) is the field of iterated power series 

K = k{{u))m 

with an obvious inductive local structure on it 

OK = k{{umt]],K = k{{u)). 

(see [0, ch.2]) for other examples and classification theorem for complete local 
fields). Let us mention that the choice of local parameters t, u in our example 
does not follow from the local structure. 

For technical reasons we do not assume as usual that the discrete valuation 
rings which enter in our definition are the complete rings. We have reduction 
map p : Ok K and we denote by p and m the maximal ideals of the local 
rings Ok and Ok correspondingly. Also we denote by t, u the generators of 
these ideals. Let 

0'^=P-\Ok) 

be a subring in K. 

Then we have a tower of valuation rings for the valuations z/*^*^ of rank 
i = 0,1,2: 

0(0)DO(1)DO(2), 

where O(o) = K, = Ok, 0(2) = O'. 
For valuation groups 

r« = K7(0(,))*, 2 = 1,2, r;, = ri^) 



there is a filtration 

^ K ^ ^ K 1 

which will be reduced to one homomorphism in our case. We denote it by vr. 
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This filtration defines on Tk a structure of ordered group. If we need to 
sliow tlie local structure we will write TK/.../k instead of Tk-H we chose local 
parameters t,u of the field K then the order becomes the lexicographical 
order. Inside the group there is a subset of non-negative elements. 

In our situation we have two valuations (of ranks 1 and 2). They will be 
denoted by u and u' correspondingly. 

If i^' D C is a fraction field of a subring O we call O-submodules a <Z K 
fractional (9-ideals (or simply fractional ideals). 

Theorem 1 . The local rings Oi^i) z = 0, 1, 2 have the following properties: 

o'/m = k, K* = {t}{u}{oy, {oy = r (1 + my, 

a) every finitely generated fractional O' -ideal a is a principal one and 

= ^i,n = i,n ^Ta\ 

Hi) every infinitely generated fractional O' -ideal a is equal to 

a = Pn = {u^'t'^ I for all i ETa), n eTa] 
iv) ifp{i,j) = P for (i,j) = (2,1) and paj) = (0) for (i,j) = (z,0), 

3 P(i,i-i) 3 ••• 3 P(i,i) ^ P(i,o)! 

then 

Homo'{0(i),0(^j)) = 



Proof. The multiplicative structure of the field K can be deduced im- 
mediately from the corresponding results for the fields of dimension 1 (see, 
for example, ||13||). We get also that v' : K* is a valuation, if we 



introduce on Tx the lexicographical order. Thus for any x,y E K* we have 

X = ay with a e O' u'{x) > v'{y). (1) 

Let now a = (xi,...,Xn) be a finitely generated O'-module. If a; G a then 
X = Y.o.iXi, tti G O' . From here we see that minx^a-{o)^'{x) exists and it 
can be achieved for some xq G a. This shows that a = (xq). 
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If 6 C -ft' is an infinitely generated module then for some i the group 
b ® will be a 0(j)-module with one generator. Let i be the largest index 
with this property. Then u^^^ has it's minimum on b and min u^^^ equals to 
infinity for j > i. This gives our claim. 

The last property must be checked only for i < j { otherwise it is obvious). 
Explicitly it means that 

Romo'iK, O) = Romo'iK, O') = (0) 

and 

Homo'(0,C') = p. 

Both the equalities followed from the results already proved on structure of 
ideals in the ring O'. 

Remark 1. These non-noetherian rings play an important role in the 
whole theory. Usually the higher local fields appear as fields attached to 
some chain of the subschemes of decreasing codimension ch.4, 7] and 
many structures related with them can be interpreted in terms of simplicial 
stucture on the partially ordered set of such chains. It seems that the rings 
cannot be described in these terms. It would be interesting to extend 
the simplicial language (as described in ^ ch.7]) to cover these rings also. 



2 BN-pairs 

Let G = SL{n, K) where A' is a two-dimensional local field. We put 



B 



( O' O' 

m O' 



O' \ 
O' 



\ m m ... O' ) 

We denote in such way the subgroup of G consisting of the matrices 
whose entries satisfy the written conditions. Also let N be the subgroup of 
monomial matrices. 

Definition 2. Let 



T = B[\N 



( {O'Y ... \ 

V ... {O'Y I 
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The group 

will be called the Weyl group 
We also introduce 



K/K/k) 



N/T. 



( O' 



\0' ... O' ) 







.. 
.. 



, for all k ik, jk e Z 



> . 



If the matrices in this definition satisfy the additional condition : the integer 
vectors (ii, ji), . . . , {in, jn) are lexicographically ordered, then we get a subset 
A+. We set also 

/I ... K\ 



U 



[Q ... 1 y 



Theorem 2 We have the following decompositions in the group G: 
i) the Bruhat decomposition 

\J BwB 

a) the Cartan decomposition 

G= \J PaP 

Hi) the Iwasawa decomposition 

G= \J PaU 

aeA 
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where all the unions are disjoint ones. 

Proof can be given as a generalization of the known proofs of these 
facts for local fields of dimension 1 ( see, for example, ch. VI] for the 
Cartan and Iwasawa decompositions and theorem 3.15] for the Bruhat 
decomposition). We only outline the main steps here. 

Existence. This can be done by standard application of elementary 
trasformations to the rows and columns of matrices from the group G. Let 
eij(A) be an elementary matrix with A on (z, j)-th place. Now let g = {ak,i) G 
G and for some k,i,j i''{ak,i) < [or < )z/'(afcj). Then after a multiplication 
from the right by ejj(A), A = —a'^]akj we get on the (fc, j)-th place. By ([I|), 
A G (or m). The same fact is true for the multiplication by ejj(A) from 
the left. 

Multiplying the given matrix from G by Cj ,,(A) with A G for i < 
j and A G m for i > j, from the left and from the right we can get a 
monomial matrix after several steps. This gives the Bruhat decomposition. 
In other two cases we need also to multiply by permutation matrices (after a 
multiplication by a suitable matrix from T they belong to SL{n, O')). Also 
we have to change m on O' in the second restriction on matrices ejj(A) given 
above. 

Uniqueness. Let L = O'ei © ... © 0'e„ be a free C'-submodule of the 
space V. U X E V g E GL(y), then we put 

z/'(x) = miniZ/'(xi), u'{g) = miiiiju' (aij), (2) 

where x = XiCi + . . . + XnCn- 

Lemma 1 . z/'(a;) G U oo and we have: 
i) v'[x) = min^^^xL '^'(A), 

^^) v\g) = u'{pgq), ifp^qe Stah{L) = GL{n,0'), 
lii) v'{g) = mm^/(a;)=o i^'igix)) = mm^^L ^'{9{x)). 

These properties can be checked precisely as in the case of discrete val- 
uation rings. We denote v\x) by v'^{x) because it depends only on the 
submodule L. 

We show how to get the uniqueness for the Bruhat decomposition. 
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Let Lfc = mei © ... © mek © O'ck+i ... © C'e„, A; = 0, n — 1 — free 
O'-submodules in V. We put 



Srkiig) = min^.gA'-Lfc^'A'-L,(A'"fi'(a;)), 



(3) 



where r = 1, n and A^Lk is a r-th external power of the module Lk in A^V. 
Then we can prove: 

Srkiig') = 5rki{g), if g' e ^fi-^, 

(since \fk,B{Lk) = Lk) and 

if w,w' & N and Vr, A;, / drkiiw) = drkiiw'), then w'w""*^ G T. 

It gives our claim. The uniqueness for the Cartan decomposition can be 
proved along the same lines (with one module L instead of all Lk) . The 
uniqueness for the Iwasawa decomposition is a direct computation. 

The proof is finished. 

Remark 2. The same type decompositions also exist for the group 
GL(n,ir). 

We also conjecture that the decompositions of the theorem (and the 
known decompositions for the parabolic(parahoric) subgroups in Tits the- 
ory Ijl], ch. IV, §2.5]) can be included in some general theorem formulated in 
an appropriate simplicial language using the rings 

Let us study the Weyl group W more carefully. It contains the following 
elements of order two 



/ 1 
















1 
-1 



1 





\ 








l,...,n- 1; 



8 



Wi 




1 



V -t 







t \ 




1 
0/ 



W2 




1 



V 



-u 







u\ 




1 
0/ 



If n = 2 then we denote by Wq the element Si of the group G. For general 
n let 5" be the constructed set of elements of the Weyl group. Then #5" — n+1 
( and rk(G') + m for m-dimensional field) and we have 

Theorem 3 . The Weyl group W has the following properties: 

i) W is generated by the set S of it's elements of order two, 

ii) there exists an exact sequence 



^ E{= Ker S) ^ 



K/K/k 



w. 



K 



where 

S : Tk® ®Tk Tk 

is a summation map and Wk is isomorphic to the symmetric 
group Symm^ of n elements, 

Hi) the elements Si, i — 1, . . . ,n — 1 define a splitting of the 
exact sequence and the subgroup < si, . . . , Sn-i > acts on E by 
permutations, 

iv) if n = 2 then the group W has a presentation 

/ O O O / \ o 

W =< Wo, Wi, W2/Wq — — W2 = e, {W0W1W2) = e >, 

v) the Weyl groups of the group G (for n = 2) over the local 
fields K, K/K, K/K/k can be related by the following diagram 














T 


T 






T 


T 


^ K/K/k ~^ 




T 


T 


^K/k — 


z 


T 


T 









K/K 



K/K/k 



K 



Wk 
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Proof. The claims i) - iii) and v) follow from a direct computation. We 
have to use the multiplicative structure of the local field K and the structure 
of it's valuation rings (theorem 1 of the previous section). 

Let us deduce the presentation iv). It is easy to see that the elements 
Wq,Wi, W2 satisfy the conditions of the theorem. In order to show that there 
are no other relations we observe that according to the claim ii) of the theo- 
rem, the group W can be presented by some generators a, b (free generators 
of the subgroup E), wq, and defining relations: 

Wq = e, Woawo = a~^, Wobwo = b^^, ab = ba. 

We may assume that a = wqWi and b = wqW2- It is enough to show that 
these relations are equivalent to the relations of the claim iv). Indeed, we 
have 

woawQ = woWqWiWo = (woWi)^-^ 
and similarly for b. Then 

e = {WQW1W2Y = WqWiW2WqWiWqWqW2 = ab~^a~^b,i. e. ab = ba. 

The same formulas will also give the equivalence between our defining rela- 
tions in the opposite direction also. 
The theorem is proved. 

Corollary . The pair {W, S) is not a Coxeter group and furthermore 
there is no subset S of involutions in W such that {W, S) will be a Coxeter 
group. 

Proof. We prove the second claim at once. Assume that the opposite 
is true and consider the map of S into the quotient-group Wk- Choose 
an involution s from the image of this set. Then the set S' of elements 5" 
mapping to s will generate the Coxeter group W ch. IV, §1.8]. By the 
theorem, it will be an extension of the free abelian group E of rank > 1 by a 
group of order 2. We see simultaneously that there is a subgroup of E which 
has rank > 1 and on which the quotient-group acts as a multiplication by 
-1. 

We show that this is impossible for a Coxeter group. Let us consider the 
Coxeter diagram of the pair {W, S")(for its definition and the properties we 
need see [|l], ch. IV, §1.9]). It is clear that 7^6" > 1 and the diagram contains 



10 



at least two vertices. If they are not connected by an edge then the group 
has to contain a subgroup Z/2 © Z/2 , which is obviously wrong. If the edge 
connecting the two vertices is marked by some finite number m > 2, then our 
group has to contain a subgroup Z/m which is also impossible. It remains 
that the diagram of our group is connected and all the edges are marked by 
the symbol oo. Now if we have only two vertices then W cannot include a 
free abelian subgroup of rank > 1. If the number of vertices > 2 then W 
must contain a free subgroup of rank > 1 and this is also impossible. 

Remark 3. If we consider the Weyl group for the SL(2, K) defined over 
n-dimensional local field then it will have n + 1 generators Wq, . . . ,Wn and 
the defining relations will be wf = 1, [wQWiWjY = 1 for all It is not a 
Coxeter group also. 

Remark 4. Here we see the first basic difference between the Tits theory 
and ours. The formalism of the i?iV-pairs cannot be applied in our situation, 
at least, without some substantial modifications. Nevertheless some corollar- 
ies of the Tits axioms are valid, for example the Bruhat decomposition (see 
theorem 2 above) 

In our situation there exists still some weaker form of the Tits axioms 
(from |]T], ch. IV.2]). More precisely they will be true only partially and for 
n = 2 we can replace them by the following formula. Let 

^=(-x )> ^ = ^'(^)> Ml/)=(% ) 
\i s = Wi then there are three possibilities: 



v>Q {BwB){BsB) 
(0,-l)<t;<0 {BwB){BsB) 
t;<(0,-l) \bwB)IbsB) 



= BwsB 

= BwsB U(i,-i)+v<v'(y)<{o,i)-v Bw{y)B 
= BwsB {J{i,^i)+v<v'{y)<{o,i)+v Bw{y)B 



We have the same expression for the diagonal elements w G W . And if 
s = Wq, W2 then the Tits axiom T3 

BwBsB C BwB U BwsB 

will be valid. These expressions can be deduced by straightforward but 
rather lengthy computations using the elementary transformations from the 
proof of theorem 2. 
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Problem 1. To generalize the notion of BN-paii in order to include 
both the Tits axioms and the infinite decompositions for non-Coxeter groups 
which appear here. 

For the BN-pairs attached to the algebraic groups in the Bruhat-Tits 
theory we also know some finiteness property for the double classes BwB. 
Namely, they are the finite unions of the cosets Bg. This property is im- 
portant for the definition of the Hecke rings (see ||10|| ). It is easy to see 
that this property is not preserved in the higher dimensions. Thus the usual 
construction cannot be done in our case. 

Problem 2. To define an analog of the Hecke ring for the groups over 
n-dimensional local fields for n > 1. 

3 Bruhat-Tits tree over local field of dimen- 
sion 1 

The Complex A{G, K). First we assume that the field K has no additional 
structure. Then the spherical building of G = PGLiV) over i^' is a complex 
A(G, K) whose vertices are lines / in the space V . All simplices of higher 
dimension are degenerate and thus it's dimension equals zero. The group 
G{K) of rational points over K acts on A(G', K) in a transitive way. 
Let i? be a Borel subgroup of G, 



Then B is the stabilizer of a line in V and thus i? is a stabilizer of a vertex 
of A{G,K) . This gives us a one to one correspondence between the Borel 
subgroups and the stabilizers of the vertices. 

The next important object inside A(G, K) is an appartment S. To specify 
it we need to choose a maximal torus T of G 



or equivalently a splitting V = li (B h- This means that the torus T will 
fix the pair of vertices corresponding to the lines h and l2- And this pair is 



B 




T 
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called an appartment. It's stabilizer is the normalizer of the torus T, 




The group W = N/T is called the Weyl group. In our case it is of order 
two and has generator an involution 




We see that the appartments are precisely the orbits of the Weyl group W. 

The Complex A{G, K/k). Now we turn to the case when the field K is 
a local field (of dimension 1) with residue field k. Denote by O the valuation 
ring Oki by m a generator of the maximal ideal m and hy v : K ^ Tk = Z 
the valuation homomorphism. Again G = PGL{V). 

We define the euclidean building A{G,K/k) as a one- dimensional com- 
plex constructed from classes of lattices in V. A lattice L is an Ok - 
submodule in V which is free and of rank 2. A class < L > of lattices 
is the set of all lattices aL for a G K*. We say that two classes < L > and 
< L' > are connected as the vertices by an edge iff for some choice of L and 
L' we have an exact sequence 

O^L'^L^k^O. 

This is equivalent to existence of a maximal totally ordered chain of O- 
submodules in V which is invariant under multiplication on K* and contain 
L and L' 0. Then from the combinatorial point of view A[G,K/k) is a 
homogeneous tree ||14|| . 

We denote by Ai{G,K/k) the set of i-dimensional simplices. From the 
construction we deduce easily the following property which we will use in the 
sequel: 

Link property 

Let P G Aoi^K/k) be represented by a lattice L. Then the set 
of edges going from P is in one to one canonical correspondence 
with the set of lines P{Vp) in the vector space Vp = L/mL of 
dimension 2 over k. The last set does not depend on the choice of 
L (or better to say that there are canonical isomorphisms between 
these P{Vp) for different L's in the same class < L >). 
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In particularly, if A; = is a finite field then A{G, K/k) is locally finite. 

The group SL(y) acts on A(G, K/k) in the following way. It is transitive 
on the edges e A(G', K/k) and has two orbits on the vertices e A{K/k). 

There is a type of the vertices P which has two values. To understand 
this consider an exact sequence 

^ PGL+{V) PGLiy) Z/2Z ^ 

where the last homomorphism is v{det{.)) mod 2. The group PGL{V) acts 
on /S.o{G,K/k) in a transitive way and the group PGL^iV) has the same 
two orbits as it's subgroup SL(y). 
Now let 

B = 

be the subgroup of SL{y) consisting of the matrices whose entries satisfy 
the written conditions. Then 5 is a stabihzer of an edge of the A(G, K/k) 
and all the stabilizers look like this in an appropriate coordinate system of 
V. The stabilizers of the boundary vertices of the edge are 

We define the subgroup as above (so it does not reflect the local structure 
on K) . Instead of the maximal torus we take 






and the Weyl group W — N/T is qxl extension 

^^Z^W ^ Z/2Z ^ 

Here we can identify the Z with the valuation group Tk and the Z/2Z with 
the previous Weyl group of G over the field K without local structure. 
Wc have a new involution 



Wi 
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and the group W is generated by wq and Wi. 
The appartments S are now the infinite fines: 

• • • 

The group T acts triviaUy on S and it's stabifizer coincides with N. Thus 
appartments are the orbits of W . The vertices of E can be represented by 
lattices 

Xn =< Ln >, Ln = O® m", -oo < n < oo (4) 

The action of on S can now be easily described. If w G Z then w acts 
by a translation of even length, and if w ^ Z then w acts as an involution 
with a unique fixed point Xng 

It can be proved that all the appartments look like this and thus they are 
in one to one correspondence with the splittings V = li (B h of the space V. 

Relations between A{G, K) and A(G', K/k). With the local field K 
of dimension 1 we can connect two local fields, namely K itself and k. They 
are local fields of dimension 0. Thus we have three buildings attached to G 
: A{G,K/k),A{G,K) and A{G,k). 

The remark made above (the Link property) shows that the link of a 
point P G A{G,K/k) ( = the boundary of the Star{P)) is isomorphic to 
A{G,k). The group G{k) acts on the last building, Pq acts on the link of 
P and the isomorphism between the buildings is an equivariant respective 
canonical homomorphism from Pq onto G{k) (reduction map modm). 

To formalize the connection with A{G, K) we define a boundary point of 
a tree as a class of half-lines such that intersection of any two half-lines from 
the class is a half-line in both of them. We have now an isomorphism of 
G{K)-seis between the set of boundary points and A(G, K). If the half-fine 
is represented by L„ = O^wT', n > then the corresponding vertex in A{K) 
is the line K © (0) in V. 

It seems reasonable to consider the complexes A{G,K) and A{G,K/k) 
together. 

Denote by A. [1] (G, K/ k) the complex of lattices introduced above. We 
define the tree of G as a union 

AXG,K/k) = A.[l](G,i^/A;) U A.[0](G,i^) 
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where A.[1](G, K/k) = A{G, K/k) and A.[0](G, K/k) is a complex of classes 
of O-submodules in V isomorphic to K (BO and we will call the subcomplex 
A,[0](G', K/k) the boundary of the tree. The definition of the boundary gives 
a topology on Aq{G, K/k) which is discrete on both subsets Ao[l] and Ao[0]. 

Let Pn =< Ln > and L„ = Oei + m"e2. If P G A[0] is represented by 
a line li = Kei then P since nL„ = Oei belongs to a unique line, 



namely to Zi (see |p.4| , ch.II.1.1]). We can interpret the points from A[0] as 
classes of O-submodules which are isomorphic to K(B0 (see lemma 2 below). 
Then we have P =< L >, L = Kei + Oe2 instead of h and the definition of 
the convergence can be given as Um~"L„ = L. 

It is easy to extend it to 1-simplexes. In our case their limits at infinity 
will be the degenerate simplexes. Thus we have a structure of a simplicial 
topological space on the tree. It is simply a simplicial object in the category 
of topological spaces. This topology is stronger then the topology usually 
introduced to connect these complexes together (see [^). 

Now the connections between the buildings over local fields of dimension 
and 1 can be summarized as follows. 

For anyP G Ao[l]{PGL{V), K/k),Lmk{P) = AXPGL{Vp),k) 

A,[0]{PGL{V),K/k) = AXPGL{V),K) 

The last subset can be called a star (or link) at infinity. It will be interesting 
to define the last notion in purely simplicial terms (see remark 6 below). 



4 Bruhat-Tits tree over local field of dimen- 
sion 2 

As above let G = PGL(y) be projective linear group of a vector space V of 
dimension 2 over a field K and we assume now that is a two-dimensional 
local field. 

Definition 3. The vertices of the Bruhat-Tits tree. 

Ao[2](G, K/K/k) = {classes of O'-submodules L C V : L ^ O' ® O'}, 

Ao[l](G, K/K/k) = {classes of O'-submodules L C V : L = O' ® O}, 
Ao[0](G', K/K/k) = {classes of C'-submodules L C V : L = O' ® K}. 
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The two submodules L and L' belong to one class < L >=< L' >, iff L = aL', 
with a e K*. 

Ao{G,K/K/k) = Ao[2]{G,K/K/k)[jAo[l]{G,K/K/k)\jAomG,K/K/k) 

We say that the points from Ao[2] are the inner points, the points from 
Ao[l] are the inner boundary points and the points from Ao[0] are the external 
boundary points. 

Sometimes we will delete G and K/K/k from our notation if this does 
not lead to a confusion. 

We have defined the vertices only. For the simplices of higher dimension 
we have the following 

Definition 4. 

Let {La, « G /} be a set of O'-submodules in V. We say that 
{Lai a G /} is a chain iff: 

i) for any a G / and for any a G K* there exists an a' G / 
such that aLa — L^', 

ii) the set {Lq, q; G /} is totally ordered by the inclusion. 
{I/a, a G /} is a maximal chain iff it cannot be included in a 

strictly larger set satisfying the same conditions i) and ii). 

We say that < Lq >, < Li >,...,< > belong to a simplex 
of dimension m iff the Li,i — 0,1, ...,m belong to a maximal chain 
of O'-submodules in V. The faces and the degeneracies can be 
defined in a standard way (as a deletion or a repetition of some 
vertex) . 

Thus the set A {G, K/K/k) becomes a simplicial set. The group G = 
PGL(\^) acts on O'-modules. This gives a simplicial action on A_{G, K/ /k). 

Proposition 1 . The set of all maximal chains of O' -submodules in the 
space V will be exhausted by the following three possibilities: 

i) ... D rUi^nL D mi,„L' D mi+i,„L D mi+i,„L' D D rUi^n+iL D 

rUi^n+iL' D mi+i,„+iL D . . . , i, n G 

where < L >,< L' >eAo{G,K/K/k)[2] andL^O' ®0', L' = m®0'. 

ii) . . . D rrii^nL D D mi+2,n D ^ rni,nL' D mj+i,„L' D 

D mi,n+iL D rUi+i^n+iL D . . . , i, n G Z, 
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where <L>,<L' >e Ao{G,K/K/k)[l] and L = O' ®0, L' ^p®0'. 

Ill) . . . D rrii^riL D mi+i,„L_D . . . D m^^^+iL D m^+i^^+iL D . . . , i, n G Z 
w;/iere < L > e Ao(G, K/K/k)[Q] . 

Proof. The chains in the claim of our proposition can be completed by 
the O'-modules which are isomorphic to O ® O and thus do not belong to 
the modules from definition 3. Then a part (with n = 0) of the chain of first 
type will look as follows: 

. . . D OL D . . . D L D L' D mL D . . . D pL D . . . , (5) 

where OL = OL' = O © O and pL = pL' = p® p. There is an isomorphism 
OL/pL ^ K ® K. For the same part of the chain of second type we have: 

. . . D OL D . . . D L D mL D . . . D OL' D . . . 

. . . D L' D mL' D . . . D pL D . . . , (6) 

where OL ^ O ® O, OL' p ® O and pL p ® p. Again there exist 
isomorphisms OL/OL' = OL' j pL = K. The last chain has the following 
structure: 

...dOLd...dLd mL D . . . D pL D . . . , (7) 

where L = K ® O' and OL/pL ^ K. 

Let us go to the proof of our proposition. It is easy to see that the 
modules which we have inserted into our chains are the unions (intesections) 
of those La which are just to the right (left) of them. Furthermore, if L^' is 
the module, located after Lq,, then La/La' = k (theorem 1). It follows that 
all the chains from i) - iii) are maximal ones. Now let La be an arbitrary 
maximal chain satisfying to the definition 3. We consider three cases: 

1) For some a L^ K ® O'. Then all modules rrii^nLa enter into our 
chain, i.e. it will coincide with the chain from iii). 

2) For some a L^ = O' (B O' . Again all modules rrii^nLa belong to the 
chain, but now La/mLa has dimension 2 over k and since our chain is sup- 
posed to be a maximal one there exists a module L' between these two. All 
rrii^nL' are in the chain, which should coincide with the chain from i). 

3) Now iiLa = 0® O', then the chain contain subchains . . . D rrii^nLa ^ 
rrii^i^nLa 3 • • •, lying in between the modules pnLa and pn^iL^- Choose 
some n. The intersection of all rrii^nLa for varying i gives us a module L" D 
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pn+iLa. An "empty" place which we have to the right of L" can be filled out 
if we set L' = ip-^Ofi), where ^ : L" L"/pL ^ K. Then all "multiples" 
rrii^nL' should be presented in the chain because of it's maximality. We see 
that the chain constructed in such way is equal to the chain from ii). 
The proposition is proved. 

Corollary. The simplicial set A. is a disconnected union of it's subsets 
A. [m], m = 0, 1, 2. The dimension of the subset A.[m] equals to for m = 
and 1 for m — 1,2 . 

This is obvious. We need only note that all vertices of any simplex can be 
represented by the modules of the same type and that in the case of subset 
A. [0] the chains of the type iii) contain only one class of modules. 

Definition 5. The projection map. 

For any O'-module L we have a O-module M — L i^o' O . This gives a 
map 

TT : AXK/K/k) AXK/K) 

in the tree of the same group G over the field K, which we consider as a local 
field of dimesnion 1 over K. 

Proposition 2 . The map tt has the following properties: 

i) 71 is a simplicial G-equivariant surjective map, 

ii) 71 induces a bijective map of the set A {G,K/K/k)[0] onto the set 
A,{G,K/K)[0], 

iii) if a —< L >e Ao{G, K/K)[l], then there exist simplicial and 
Stab{< L >)-equivariant isomorphisms 

7r-\a)f]AXG,K/K/k)[2] = AXPGL{L/ pL), K /k)[l], 

7r-\a)f]AXG,K/K/k)[l] ^ AXPGL{L/ pL),K /k)[% 
where LjpL is a vector space of dimension 2 over K. Also we have 

7:-\a)[\AXG,K/K/km = ^, 

iv) if two vertices from Aq{G , K / K / k)\2] are connected by an edge then 
they belong to the same fiber of the map tt, 

v) the image of any edge a e Ai(i^/^/A;)[l] will be (non-degenerate) edge 
mAXK/K), 
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vi) if a = {. . . D L D L' D . . .) e Ai{G, K/K)[l], then 7r"^(a) consists 
of one edge, connecting vertices from 7i^^{< L >) f]Ao{G, K/K/k)[l] and 
n-\< L' >)nMG,K/K/k)[l]. 

Proof. The property i) is obvious. Let < L >e Ao{K/K/k)[0] and let 
Z C L be the set of elements from L, divisible in L by all a G K*. 

Lemma 2 . The correspondence < L I G V is a bijection between Ao[0] 
andP{V). 

Proof. If L = Kci © 0'e2, then / = Kci and depends only on class 
< L > . We can get all the lines in such way. Now let L = Kci © 0'e2, M = 
Kei © O'e'^. If = aei + foca, a, 6 G K, then M = Kci + 0'be2 = bL, 
i.e. < L> = < M >. 

This is also true for A^K/ K)[0]. The claim ii) follows since the projection 
commutes with the constructed correspondence. 

Lemma 3 . Let L be a O'-submodule in V and L = O' ® O' . Then for any 
point P G Ao[2] there exists a unique module L' such that < L' > = P, 
L' G L and one of the following equivalent conditions are true: 

i) L' (f_ mL, 

ii) L/L' = O'/a, where a is a principal ideal, 
Hi) L/L' is a module of rank 1. 

Proof. Take some module L" in the class of the vertex P. By the 
Cartan decomposition (theorem 2) there exists a basis ei_2 in V such that 
L = O'ci © 0'e2, L" = aiCi © 0262, ai,2 are principal ideals. The standard 
arguments (see ch. II, §1.1]) give the claim of the lemma. 



We now prove property iii). Fix a module Lq = 0'® O', Lq ©£>/ O = L, 
i.e. < Lq >G vr^^((j) fl Ao[2]. If P G TT~^{a), then according to lemma the 
vertex P can be represented as < L' > . Then L' = mi^n^i + 0'e2, Lq = 
O'ci + 0'e2 and from the equality tt < Lq > = n < L' > = < 
L > we get that n = 0. It follows that L' D pLo and L' defines a free 
O^-module L'/pLq C Lq/pLq C L/pL of rank 2 in space L/pL. 

This correspondance gives the first bijection from iii). It is easy to see 
that it preserves the simplicial structure of both sets and it is equivariant 
under the stabilizer of the vertex < L >. 
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To construct the second bijection from ii) we take P G Ti'^ia) n Ao[l]. 
If P = < L' > then <L'(g)0> = < L >. Changing the module L' 
to an equivalent one we can assume that L' ® O = L and V C L. All such 
modules L' can be transformed into one by a multipiliction by some a G O*. 
We have a map L' Lj pL. The image Im L' will be a (9^^ -module in L/ 
isomorphic to ^ © Of^. As we saw the class < Im V > will be defined in a 
unique way. It defines a point in Ao(PGL(L/pL), K/k)[l]. The constructed 
correspondence will be a bijection with the properties we need. 

The last claim from iii) follows from the property ii) proved above. 

To get iv) it is enough to apply lemma 2 and proposition 1, i). 

The property v) can be seen from the description of the chain which 
represents the edge a. We need only to take it's quotient by the ideal p. 

We check now the last property from the proposition. Let P = < L >, 
Q = < L' > he two vertices of the tree A {K/K) connected by an edge a. 
It is posible to choose a basis in V such that L = Oei + Oe2, L' = pei + Oe^- 
Then (^'-modules M = O'ei + Oe2 and M' = pei + 0'e2 will represent the 
boundary points of the fibers n~^{P) and vr~^(Q) correspondingly. By the 
proposition 1, ii) they are connected by an edge which is mapped onto an 
edge a. Thus the set TT^^{a) is not empty. 

It consists of only one edge. To make this clear we denote by M, M' 
the modules which represent the vertices of the edge lying over a. By the 
proposition 1, ii) they belong to a chain as in (^). Now we remark that the 
set of lines of the space L/pL is bijective to the following sets of simplices of 
our trees: 

• the set of the edges from A {K/K) going out from the vertex P (link 
property, see section 3). 

• the set 7r^^(P) fl Ai[l] of the boundary points of the fiber vr^^((5) (the 
bijection constructed above). 

From the definition of the bijection we conclude that the line correspond- 
ing to the vertex < M >, coincides with the line corresponding to the edge 
a, i. e. the vertex < M > will be defined uniquely. As this is true also for 
the vertex < M' > we get that the edge connecting them will be also defined 
in an unique way. 

The proposition is proved. 
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Corollary l.Any vertex P G Ao[1] belongs to precisely one edge. 
Corollary 2. If P e Ao{K/K)[l] then the stabilizer Gp C G of the 
vertex P acts on the fiber 7i^^{P) by the reduction map 

Gp ^ SL{2, Ok) ^ SL{2,K). 

Here we have fixed the modules L with < L >= P and Lq with < Lq > € 

7r"i(P)nAo[2] . 

We see that "inside" our construction there are five trees coming from 
the dimensions < 1, namely 

A,{K/K), A,{K), AXK/k), A^K), A,{k). 

The first one is the tree which is the target of the projection map vr, the second 
one is the external boundary and the three last trees will occur infinitely many 
times. 

Thus the constructed simplicial set will be a disconnected union of it's 
connected components. The A.[2]-piece of our tree is an infinite disconnected 
union of the usual Bruhat-Tits trees = fibers of the map tt. The A.[l]-piece 
will be an infinite disconnected union of the edges. 

In order to change this and to have a possibility to pass from one fiber to 
another one has to use some topology which will be a generalization of the 
topology we have introduced in section 3. 

Definition 6. We say that a sequence P„ G Ao[2] converges io Q G Ao[l] 
iff there is a basis of V and a sequence i{n) of integers such that i(n) — > oo 
as n ^ oo and for large n Pn and Q can be represented by the following 
modules 

p„ O' ® m^(") >, Q^<0®0' > 

Also a sequence Qn from Ao[l] converges to a point it! from Ao[0] iff in some 
basis and for some sequence i{n) as above 

Qn =< O' ® p^(") >, R^<K®0' > 

Combining these two definitions we can get also a condition for a sequence 
of points from Ao[2] to converge to a point from Ao[0]. 

We introduce a topology on AQ{G,K/K/k) as a discrete one on any of 
the sets Ao[m] and for which the sequences introduced above are the only 
convergent sequences on the whole set. Aq. The convergence on the set of 
simplices Ai can be defined as convergence of their vertices. 
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Theorem 4 . /S.,{G^K/ K /k) is a simplicial topological space. Let | A. | &e 
it's geometrical realization. Then 

i) \ ^ \ is a connected contractible topological space of dimen- 
sion 1 having a cell structure, 

a) if X g| a I then x has a neighbourhood homeomorphic to 
an interval, if x ^ Ao[2], and to a bouquet of (finite number if 
k = Fg ) intervals otherwise. 

Hi) the group G acts on | A. | by homeomorphisms 

iv) \tt \ is a continous map 

v) if a =< L >G Ao(G', then the fiber n'^ia) is 
isomorphic to AXPGL{L/pL), K/K) as a simplicial topological 
space. 

We refer to for the notions of simphcial topological space and it's geo- 
metrical realization. 

Proof can be given by a direct check with an application of the propo- 
sition 2 and of the corresponding facts for the trees A,{K/K) and A,{K/k) 
related to the local fields of dimension 1. 

Remark 5. | A. | is not a CW-complex even if n = 1 and k = Fg but it is 
a closure finite complex. Also we note that | A^K/K/k) \ is not a compact 
space just as in the case of local fields of dimension 1. 

We can make the results proved more transparent by drawing all that in 
the following picture where the dots of different kinds belong to the different 
A [m] -pieces of the tree: 



23 




Pic. 1 

Usually the buildings are defined as combinatorial complexes having a 



system of subcomplexes called appartments (see, for example, [ |T2| , |T5[]). We 
show how to introduce them in our case. 

Definition 7. Let us fix a basis ei, 62 € V. The appartment, defined by 
this basis is the following set 

s. = U 

0<m<2 
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where 



Eo[m] 



< L >\ L = aici © 0262, 
where 01,02 are C'-submodules in K 
and there exists a permutation s, 
. such that Os(i) = C(2) = 0\ 0^(2) = C(r„) . 



> . 



S [m] is the minimal subcomplex having So[m] as vertices. 

Let us denote the edge connecting the vertices P and Q by a{P, Q). 

Proposition 3 . In some basis we have the following relations: 



,n 



Vn 



<0'® p-" >, 
< © O' >, 



Xo 



then 



So[2] = {xi^n \i,ne Z}, Si[2] = {a{xi^n, Xi+i^n) \i,ne Z}, 

Eo[l] = {yn,Zn \neZ}, = {a{yn, Zn) \ n e Z}, 

S.[0] = {xo,x^}, 

a) let Stab{a) be a stabilizer of a simplex a in the subgroup SL{V). Then 



( O' m \ ( 
Stab{xi^n) = ( ^ . 0/'" ) ' Stab{a{xi^n, 2;i+i,n)) = I 



Stab{zn) 



O 



+1 Q, y Stab(yn) 
( O' 



Stab(xo) — 



Stab{a{yn-i, z^)) 
' K* K \ 



-n+l 





O' 





















K* 



Stab{xoo) — 



K* 
K K* 



The stabilizers in the PGL{V) are represented by the matrices from GL{V) 
satisfying the same conditions. 
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Proof . It is obvious that all the vertices from i) belong to E. It follows 
from the theorem 1 (section 1) that there arc no other vertices. It is also clear 
that the simplicial complex described in i) is a minimal complex containing 
it's vertices. 

The formulas for the stabilizers (property ii) can be confirmed by direct 
computations. 

Thus the simplicial structure of an appartment can be presented as the 
following triangulation of compactified line R U — oo, oo: 

0---« • o o • ■■■O 



Pic. 2 

Theorem 5 The appartments E. have the following properties: 

i) any two simplices are contained in an appartment, 

ii) for any two apppartments S, S' there exists an isomor- 
phism i : S — > S' such that i |sns'= identity, 

Hi) for any appartment S C A.(G, K/K) there exists a unique 
appartment E C A.(G, K/K/k) such that 7r(E) = E, 

iv) a geometrical realization | E. | 0/ an appartment E. is 
homeomorphic to a closed interval, 

v) i:, = {a e A, \ \/g e T g{a) = a}, 7V(E.) C E. and the 
Weyl group W acts on E.. 

If w & W is an involution then it has a fixed point Xi^^no £ 
Eo[2] and w is a reflection: 

^(•^i,n) •^2i— io,2n— no ) 
^(Z/no+n) — ^no—ni '^(-^-no+n) — Uno—m w(xo) — ^^oo- 

IfwETK = 'Z®ZcW then w = (0, 1) acts as a shift of the 
whole structure to the right 

wiVn) = yn+2: w{Zn) = Zn+2:W{Xo) = Xq, w{x^) = X^. 
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The element w = (1, 0) acts as a shift on the points Xi^n but leaves 
fixed the points in the inner boundary 

W{yn) = Vn, w{Zn) = Zn, w{Xo) = Xq, w{Xoo) = Xoo- 

Under the map Wj^jj^n. Wj^/j^ this action goes to the action 
of Weyl group W^/j^ on an appartment of the tree A^K/K). 

Proof. If we compare the modules belonging to an appartment accord- 
ing to proposition 3, ii) and the modules belonging to an appartment of the 
tree over a local field of dimension 1 (see (^) in section 3) we will see that 
they will go one to another under the projection map. Thus we can find an 
appartment S in A{K/K/k), projecting onto any given appartment of the 
tree A^{K/K). Note that an appartment always contains an edge from Ai[l]. 
Then from proposition 2, vi) we get that S will be defined in an unique way. 
We have proved iii). 

Let us prove the property i). For any two simplices there exists a subcom- 
plex in A,{K/K/k), having the same combinatorial and topological structure 
as the line from picture 2 and containing our simplices. This is obvious from 
the picture 1. The image of this complex will be an infinite chain, i. e. an 
appartment S in the tree A^K/K) (see section 3). By the result proved 
above, all edges of our subcomplex which belong to A.[l] will also belong 
to an appartment S lying over S. Next we consider the trees which are the 
fibers of vr. Looking at them we see that the other simplices of our subcom- 
plex also belong to S (if two appartments in the usual Bruhat-Tits tree have 
the same boundary points then they coincide). 

To get ii) we remark that the intersection S fl S' will be an " interval" , 
consisting of all the simplices lying between two extreme points. From picture 
2 we see the existence of an isomorphism with the properties which we need. 

The property iv) is obvious. In v) we check only the first claim. The 
other formulas can be deduced by direct computations. Let cr ^ S. and let 
0" be a vertex. Connect this vertex with E by a minimal "path" (= interval 
of an appartment). This path will enter into the appartment S at an inner 
point (corollary 1 of proposition 2). Let P be a vertex nearest to S belonging 
to this path. Then P belong to a usual Bruhat-Tits tree and there exists 
g & G such that g{P) ^ P. Thus g{a) ^ a. For the usual tree this property 
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will follow from the link property (section 3). Namely, if Pq is a point of an 
appartment then the group T acts in a simply transitive way on all edges 
coming out from Pq and not lying in the appartment. 
The theorem is proved. 

Wc note that the transformations from the Weyl group will be continous 
but not necessarily smooth maps of compactified line R U — oo, oo into itself. 

If P, Q e So, then the subcomplex in E., containing all the simplices lying 
between P and Q will be called a path from P to Q (see picture 2). 

Corollary. For any two vertices P,Q & Aq, P ^ Q there exists a 
unique path PQ between them. 

As in the usual theory of the Bruhat-Tits tree we can introduce some 
intrinsically defined metric over our tree. 

If < L >,< L' >G Ao(G')[2] then by Cartan decomposition (theorem 2 
of section 2) there exists a basis ei, 62 in V such that 

L = O'ei ® 0'e2, L' = oiCi ® 0262, 

where ai,a2 are some fractional C'-ideals and z/'(ai) > z/'(a2). 

Definition 8 d{< L>,< L' >) = u'{ai) - z/'(a2), where < L>,< L' > 
are two vertices from Ao[2]. 

Theorem 6 . The function d{., .) is a correctly defined metric on the set 
Ao[2] having non-archimedean values in T~^. It has the following properties 

i) d{., .) is invariant under the action of G. 

ii) the projection map tt is a distance- decreasing map, precisely 

d(7r(x),7r(y)) ^7r(d{x,y)) 

Hi) for any appartment S there exists a simplicial map p : 
A — > E. which is a retraction onto E and which is a distance- 
decreasing map on subset A [2] . 

iv) letu.t be local parameters of the field K andP,Q e Ao[2]. 
Then d{P, Q) = (m, n) and we have 

n = d(7rP,7rQ) in A(K/K)[1], 

m = d{Q,Q') inA{K/k)[l] ^ 7r-\Q) n A{K/K /k)[2], 
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where Q' — 



( 



r 

1 



v) ifRe PQ, then d{P, R) + d{R, Q) = d{P, Q), 

vi) for P, Q, P', Q' G Ao[2] there exist g E G such that gP — 
P', gQ = Q' if and only if d{P, Q) = d{P' , Q'). 

Proof. If we change a module inside it s class then the same number 
will be added to the v'{ai) and y'{a2). Consequently, their difference will be 
unchanged. The properties i) and ii) follows directly from the definition. Let 
us show how to construct the retracting map. 

Take an edge a of the appartment S. Then H — a can be decomposed 
into two pieces S+ and S_. Let and oo be the points from the external 
boundary of the appartment. We assume that (oo) are the limit points for 



For any point P G Ao[0] which does not belong to the appartment there 
is a unique shortest path which connects P with some point Q{P) of the 
appartment. 

Thus the whole external boundary A.[0] can be divided into two pieces 
A[0]+ and A[0]_. The first piece A[0]_|_ will contain and all the points 
which are connected with S+. All the other points will belong to A[0]_. We 
start to construct p from the external boundary: 



Then if P G A[0]_|_, P ^ there are two paths connecting the point Q{P) 
with external boundary: the path between P and Q{P), and the path be- 
tween and Q{P) (a part of There exists a unique simplicial bijection 
sp of one path onto another one. Let us put 



The same definition works for A[0]_. It is straightforward that the con- 
structed map is correctly defined on the whole tree and satisfies all the con- 
ditions from iii). 

Properties iv) and v) follows from ii) and direct computations (compare 
with theorem 5, v) ). To get vi) we first observe that we can assume P' = P 
(since G is transitive on the tree) and 7r{Q) = 7r(Q') (apply the same property 
for the tree A{K/K)). Now let n = d{P,Q) = d{P,Q') and we assume 




p(A[0]+) = 0, p(A[0]_) 



= oo. 



p{a) = sp{a), if a lies on the path between P and Q{P). 
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n > l(otherwise we are done by the property v) for the tree A{K/k)).Let 
R he a common point of the paths PQ and PQ' such that the intersection 
of the paths RQ and RQ' is R. Let us denote by Rq the inner boundary 
point of the path RP which is closest to R. Then R, Rq belong to the 
same fiber as Q and Q' and the equahty d{P, Q) = d{P, Q') is equivalent to 
d{R,Q) = d{R,Q') in the tree A{K / k)[l] ^ A' = TT-\TT{Q))nA{K/ K /k)[2]. 
By proposition 3, ii) the stabilizer G' of the points Rq and P has the matrix 
f O' O \ 

form for some i. By the corollary 2 of proposition 2 G' acts on 

y ^i,n ^ J 

CO*- K \ 
^ O* J "^^^^ group acts 

transitively on the boundary of A' outside Rq and thus under our distance 
condition it will move Q to Q' . 
The theorem is proved. 

The last general notion which will be mentioned here is the type of the 
vertices and also of the simplices. Let us consider an exact sequence 

^ PGL+iV) PGLiV) Tk/'IVk ^ 

where the right hand map is v'{det{.)) mod 2. As we know 

1^^/21;^ = Z/2Z © Z/2Z 

It can be shown that the stabilizers of the vertices belong to the subgroup 
PGL'^iy) and thus we have a canonical map 

Ao[2] ^r;,/2r;, 

which assign to the vertices four possible values, their type. The type of 
a simplex will be then a subset of Tk/'2Y'x- The type is invariant under 
the action of SLiV) and the fundamental domain of this action is a disjoint 
union of two edges which are mapped by the projection map on the adjacent 
vertices of an edge in the tree A,{K/K). 

The integer points of the lattice Tk can be located on an real plane and 
it seems more reasonable to have a srtucture of dimension 2 on our simplicial 
set. 

In the case of local field K of dimension n the number of types equals to 
2" and the building of G (see||ll||) could have a dimension depending on n. 
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But if we would like to preserve one of most important features of the Tits 
theory - the geometrical structure of reflections, walls, chambers and so on 
then we are forced to introduce the simplicial structure as we did above. The 
reason is that the involutions from the Weyl group have very small fixed point 
set on the lattice Tk (see theorem 3 above). In particularly, in dimension 
two they have the points as the fixed points but not the lines as would be 
the case if the dimension of our building were two. 

Remark 6. Our use of the topology was rather artificial. It seems there 
should exist a purely simplicial construction which binds the A. [m] -pieces 
of the tree together. We can define A.(G') = A. [2] * A.[l] * A.[0], where * 
is a join of the simplicial complexes. Then the group G x G x G will act 
on the whole AmaxlC) in a transitive way and we will have a one to one 
correspondence between subgroups of this larger group and the simplexes of 
the new complex which has a dimension 4. The same remark is true for the 



groups of higher rank over arbitrary local fields ||11|| . 
We also add the following problem. 

Problem 3. It is well known that the buildings of the group FGL(y) 
(and in particularly the Bruhat-Tits tree) can be defined as classes of norms 



on the space V |T4|, II, 1.1] . There is no doubt that this approach can be 
developed also for the higher buildings of this group also. But this should 
give directly a geometrical realization of the simplicial set A.(G) which was 
defined in [ |Tl[| . 
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